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Abstract 

The non-abelian Dirac-Born-Infeld action is used to construct the D2-brane from multiple 
DO-branes in the curved spacetimes. After choosing the matrix elements as the coordinates 
of the DO-branes we obtain a simple formula of the Lagrangian for the system in a class 
of the curved background. Using the formula we first re-examine the system in the flat 
spacetime and show that, in addition to the fuzzy tube and fuzzy spike which were found in 
the previous literature, there is the fuzzy wormhole solution. Next, we apply the formula to 
the system in the geometry of the NS5-branes background. A solution describing the fuzzy 
Blon of spike profile is obtained. Our investigations show that the size of the matrices is 
finite for the fuzzy spike in the curved spacetimes. 
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1 Introduction 



Myers effect [1] shows that, in the background of RR potential the multiple DO-branes will 
expand into a fuzzy D2-brane with a spherical profile. This is one of the general properties 
that the D(p+2)-brane could be realized by the fuzzy configurations of the Dp-branes [2-4]. 
The phenomena are described by the non-abelian Dirac-Born-Infeld action [1] and have been 
extended to the system in the curved spacetimes [3], in which the fuzzy configurations of 
sphere and cylinder have been studied. 

The fuzzy spike in the curved background, in which the "radius" r(z) depends on the 
coordinate of z direction has not yet been discussed. The problem of finding the solution is 
investigated in this paper. We will see that, although a simple formula of the Lagrangian 
for the multiple DO in a class of the curved background could be obtained it is difficult to 
obtain the exact solution therein. A solution we found is the system in the geometry of the 
NS5-branes background. From our investigations it indicates that the size of matrices for a 
fuzzy spike is finite when it is in the curved spacetimes. We also in this paper re-examine 
the system in the flat spacetime and show that, in addition to the fuzzy tube and fuzzy spike 
which were found in the previous literature, there is the fuzzy wormhole solution. Note 
that using the abelian Dirac-Born-Infeld action the Blons with spike and wormhole profiles 
have been found by Emparan [5]. Our investigations in his paper have used the method of 
Hyakutake [2] while extend it to the curved spacetimes. 

In section II we simplify the non-abelian Dirac-Born-Infeld action in a class of the curved 
background. The detailed calculations are present. After choosing the matrix elements as 
the coordinates of the DO-branes we obtain a simple formula of the Lagrangian for the system 
in the class of the curved background. Using the formula we first in section III review the 
fuzzy solutions in flat spacetime, i.e. the fuzzy tube and fuzzy spike which were found in the 
previous literature. We then present a new fuzzy wormhole solution. In section IV, we apply 
the formula to the system in the geometry of the NS5-branes background. We present a 
solution of fuzzy Blon of spike profile. From our investigations it is seen that the size of the 
matrices is finite for the fuzzy spike in the curved spacetimes. We make a discussion in the 
last section. Note that in recent many authors have investigated the dynamics of D-branes 
in the NS5-branes [6,7]. Their results are used to show that the radial mode of the BPS 
D-brane in the NS5-branes backgrounds resembles the tachyon rolling dynamics of unstable 
D-brane [8]. The solution found in this paper could be used to discuss the relevant problem. 
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2 Non-abelian Dirac-Born-Infeld Action in Curved Space- 
times 



The Myers T-dual non-abelian Born-Infeld action describing N coincident Dp-branes is given 

by [1]. 

S B i = -T p f d p+1 aSTr (e^yj-det (P [E ah + E^iQ' 1 - 8)vE jb ] + XF ab ) det^)) , (2.1) 
in which F a b is the DBI 2-form strength on the Dp-brane and 

(2.2) 



zp ft I ~p>NS 



Q % 3 — ^3 + ^ E k j, 



(2.3) 



where is the metric of the spacetime, B^ v the NS 2-form, and X 1 are the NxN matrices 
describing the coordinates of the N Dp branes. The pull-back of the bulk spacetime tensors 
V Ml ... Mn to the D-brane world-volume is denoted by the symbol P[V^ 1 „. a J in which 



P[V ai ... an ] = V^ n D ai X^ ■ ■ ■ D an X^, 

with D a X % = d a X l + i[A a , X 1 ] . The brane tension is defined by 

2tt 



T = 



g s (2vr4) 



p+1 ' 



(2.4) 



(2.5) 



and A = 2-irij. in which £ s is the string length scale. 

A class of curved spacetime we will consider is described by 

Gfj,n ($00) 9xxi 9yyi 9zz) i 

B NS = B 0z dt A dz. 



(2.6a) 
(2.66) 



In this paper we will consider the system without the RR potential and thus the Wess-Zumino 
term [1] does not appear. 

For the case of N coincident DO-branes in the class of the curved background described 
by (2.6) the relevant quantities become 



Q* 



' 1 i\-\X\X*\g yy i\-\X\X*\g zz \ 

i\-\X\X^\g xx 1 i\-\X\X*\g zz 

\ iX-^X^X^g^ i\-\X\X 2 \ 9vy 1 J 



(2.7) 



3 



det(Q^) S ^ r 1 - \- 2 [X\X 2 fg xx g yy - \~ 2 [X 2 , X 3 ] 2 g yy g zz - \~ 2 [X 3 ,X l ] 2 g zz g xx , (2.8) 

STt 

The notation = is used to emphasize that the above equation holds under the symmetrized 
trace prescription [1]. The pull-back of the bulk spacetime tensors are 

P[E 00 ] = goo - g x Mo, X 1 ] 2 - g yy [A , X 2 ] 2 - [A , X 3 ] 2 g zz . (2.9) 

P [E 0l {Q- 1 - S)*E j0 ] = -B 0z {Q- 1 - 8)\ g'l + iB Qz {Q- 1 - S)\ [A , X 1 ] 

-iB 0z E ki (Q- 1 - 5y z [A , X k ] g'l - E mt (Q^ - 5)\ [A , X m ] [A , X n ], 

(2.10) 

and finally we have a simple relation 

det (P [e 00 + EoiiQ- 1 - 8yiE j0 \) det{Q^) = g 00 - g m g xx g yy \~ 2 [X\ X 2 } 2 

—9oo9yy9zz^ 2 [X 2 , X 3 ] 2 — goo9zz9xx A 2 [X 3 , X 1 ] 2 — g yy Bl z A 2 [X 2 ,X 3 ] 2 

-g xx X- 2 B 2 Z [X 3 , X 1 ] 2 - g xx [A , X 1 } 2 - g yy [A , X 2 ] 2 - g zz [A , X 3 ] 2 . (2.11) 

in which we have neglected terms containing higher power of commutative matrices. This 
is the first generally useful formula presented in this paper. Note that many interesting 
backgrounds fall into the class of eq.(2.6), for example, the AdS 3 x S 3 , NS5-branes and 
macroscopic string backgrounds. 

To proceed, we will consider the fuzzy surface with axial symmetry around the x 3 (= z) 
direction, thus the matrices is chosen as [2] 

Xm n = -Pm+l/2<Wl,n + ^ Pm-l/2$m,n+l , (2.12a) 

X mn = -Pm+l/2<Wl,n — -Pm-l/2^m,n+l, (2.126) 
■X- mn = Zm$m,m (2.12c) 

where m, n are the set of integers. z m is interpreted as a position of the mth segment in the 
z direction. Because that 

Ml + Ml = \ (^1/2 + A-l/ 2 ) Sm,n - rl 5 m , n , (2.13) 



1/2 



the function r m = | yPm+1/2 + Pm-1/2) * s naturally interpreted as a position at mth seg- 
ments in the radial direction. Values of m, n run an infinite set of integers for the open 
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surface and a finite set of integers for the closed surface. A possible fuzzy spike is plotted in 
figure 1. 




Figure 1. The profile of a fuzzy spike. 



The commutation relations of X 1 are evaluated as 



[X 2 ,X 3 



[X , X \ mn — APm+l/2 Pm-l/2)$m,n, 



1 i 
mn — —pm+l/2( z m+l~ z m)$m+l,n + ~ Pm-1/2 \ z m ~ z m-l )^m,n+l 5 



[X 3 ,^ 1 ]^ — —-p m +l/2(z m +l — Z m )5 m+ i !n + -p m -l/2{z m — z m-l)8m,n+l- 



1 

2> 



Thus 



([X 1 ,^ 2 ])^ - --{p 2 m+1 /2-p 2 m -l/2) 2 Srn,n, 



(2.14a) 

(2.146) 
(2.14c) 

(2.15a) 



f[X 2 ,X 3 ]) — ([X'^X 1 ]) — — - p m +3/2pm+l/2( z m+2 — z m+l)( z m+l — z m)5 m +2,n 

+ (Pm+l/2( Z m+l ~ z m) 2 + Pm-l/2( Z m ~ ^m-l) 2 ) &m,n 



-\-Pm-l/2prn-3/2( z m z m-l)( z m-l z m-2 )S m -2 

(2.156) 



We will consider the system with 



A = a X 3 . 



(2.16) 



This means that there is an electric flux along the z direction and the system have the 
fundamental strings along the z axial. 
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Substituting (2.15) into (2.11) the Lagrangian for the N coincident DO-branes in the class 
of the curved background becomes 



L = T e-<M-iVh? o) 1/2 -£ 



A" 



—7- (-9oo) 1/2 [ ^9xx9yy(pirm/2-p 2 m -l/2y + (9yy9zz+9zz9x 



X ^1+1/2(^+1 - ^m) 2 ) - J (~900) (A 2 Bq z + Oq) (g xx + 9yy) P 2 n+l/2( z m+l-z m y 



(2.17) 

This relation is the main formula using in this paper. 

Notice that in the curved spacetime the metric g^ v in (2.17) will be the function of the 
spacetime. For the fuzzy surface with axial symmetry around the z direction the metric will 
depend on the radius r which is defined by 



N 



Tr ((X 1 ) 2 + (X 2 )'- 



" E \l (p 2 m + l/2 + fL-lfi)] =^T, r2 m^ (2-18) 

i ~n L J 1 V 1-11 



N 



in which we have used the relation (2.13) in which r m is interpreted as the position at rath 
segment in the radial direction. 



3 Fuzzy Blons in Vacuum 

In the vacuum the main formula (2.17) becomes 



A 



/ 2 2 \2 _ ^ 2 / _ "\ 2 _l_ 2 2 ( _ V 

lPm+1/2 Pm-1/2J 2 + ^ °0^m+l/2 l Z m+l ^mj 



(3.1) 



— 8 

After the variation with respective to the p m+ i/2 and z m we have the equations 

(Pm+3/2 - 2 /4+i/2 + Pm+1/2) - 2(1 - a^A 2 )(2 m+ i - ^ m+1 ) 2 = 0. (3.2) 

Pm+l/2( Z m+l — Zm) ~ P m -l/2( Z ml ~ Z m -i) = 0. (3.3) 

Searching the solution from above equations is an interesting problem and the result rep- 
resents the fuzzy Blon in the vacuum. Note that the above equations had been obtain by 
Hyakutake [2] from the SFSS matrix theory. 

There are two nontrivial solutions presented in the previous literature. 

(I) Fuzzy tube : The fuzzy tube solution is described by 

Pm+1/2 = r, z m = Lm. (3.4) 
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In this case, the fuzzy tube has a constant radius while its position of the mth segment in 
the z direction is a discrete value with equal spacing. The solution of eq.(3.4) implies that 
the commutation relations (2.14) become 

[X 1 , X 2 ] = 0, [X 2 , X s ] = iLX\ [X 3 , X 1 ] = %LX 2 , (3.5) 

which is just the matrix tube found in [9]. The tube solution was first found in [10] by using 
the abelian Dirac-Born-Infeld action. Note that Eq.(3.4) shows that — oo < m < oo, thus 
the size of the matrices is infinite. 

(II) Fuzzy spike : The fuzzy spike found in [2] is a solution of the following matrix 
elements 

Pm+i/2 = 2am, (3.6a) 

m— 1 j 

z m = c + LJ2 -i ( 3 -6k) 



i=i 1 



a = A . (3.6c) 

Thus, increasing the m the position z m is increasing and the radius of the Blon increasing 
also. The profile of Blon is spike as that plotted in figure 1. Eq.(3.6b) shows that 1 < m < oo, 
thus the size of the matrices of fuzzy spike is infinite. 

(II) Fuzzy wormhole : We now present the fuzzy wormhole solution. It is described by 
the following matrix elements 

Pm+i/2 = (1 - A 2 a 2 )L 2 (m + ^ (m + , (3.7a) 
z m = c + LY / ( * + 2 ) > ( 3 - 7fe ) 

i=mo 

in which m is an arbitrary integral. Note that form (3.7a) we find that the radius "r m " at 
mth segment (defined in (2.13)) is 



2 1 r 2 



[m + ^) 3 (m + 7 -) + (m + ^) 2 (m + ^) 



(3.8) 



It is an easy work to check that r 2 ^ > for any integral m, thus the size of the matrices of 
fuzzy wormhole is infinite. Eq.(3.8) show that r m — > oo at m = ±oo and a minimum is at 
m = 0, thus the profile of the fuzzy Blon is a wormhole. 
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4 Fuzzy Blons in NS5-branes Background 

In this section we will use the main formula (2.17) to find the fuzzy spike in NS5-branes 
background. The background fields around N$ NS5-branes are given by the CHS solution 
[11]. The metric, dilaton and NS-NS B NS field are 

ds 2 = dx^dx* + h{x n )dx m dx m , 

e 2 ^ = h(x n ) , 

H mnp = -el np d q( t> . (4.1) 

Here h(x n ) is the harmonic function describing fivebranes, and H mnp is the field strength of 
the NS-NS B NS field. For the case of coincident N 5 fivebranes one has 

h(r) = 1 + ^, (4.2) 

where r = \x\ is the radial coordinate away from the fivebranes in the transverse space 
labeled by (z 6 , • • • , x 9 ). 

Using the above metric and fields we can easily from (2.17) show that the Lagrangian of 
N coincident DO-branes in the NS5-branes background becomes 

L = — 7= - ^ h ^J2 (p m +i/2 - Prn-i/2) 2 + \ (4 ~ A -2 ) VhJ2p 2 m+i/2( z m +i - z m f. 

V n o m Z m 

(4.3) 

After the variation with respective to the p m +i/2 and z m we have the equations 

d ( N \ d / f-\ A -2 ^ / \2 A~ 2 rr 1 2 2 2 \ 

~^dr wn)~rtk v J T" \ \ pm+i i 2 ~ p^-yy -— ^M/w3/2-2p m+ i/ 2 +p m+ i/ 2 ) 



+\ («o ~ x 2 ) ^ (^) (E^+i/2(vi - vi) J + 2^(2^+1 - z m+1 y 



0. (4.4) 



Pm+l/2( Z m+l - Z m ) - P m _i/ 2 (z m l ~ 2 m -l) — 0. (4.5) 

The fuzzy spike in the NS5-branes background can be obtained by choosing the following 
matrix elements 

P™+i/2 = 2«(m + /9), (4.6a) 

m— 1 

2 m = c + L^— -, (4.66) 

a = A" 1 . (4.6c) 
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which becomes the fuzzy spike solution in the vacuum if (3 = 0. Above solution automatically 
satisfies eq.(4.5) and after substituting them into eq.(4.4) we find that 

^ = -^JS-. (4.7) 



3a 

Now, as shown in (2.18) the value "r" shall be defined by 

1 ^ o 1 



r 2 = E pSh-i/2 = ^E«(" l + / ? ). ( 4 - 8 ) 



the value of (3 could therefore be found for a fixed a. The value N specifies the size of the 
matrices of the fuzzy spike in the curved spacetimes. 

We now make following comments to discuss the physical properties of the parameters 
a, L, and N. 

(I) Substituting (3.6a) or (4.6a) into (2.14a) we see that 

[X 1 , X 2 ] mn = -ia 5 mjn . (4.9) 

Thus, the value a represents the fuzziness of the DO-branes. Comparing to the approach 
of abelian Dirac-Born-Infeld, it is known that the value of a shall be proportional to the 
density of DO-branes, thus it will be proportional to the magnetic flux of the system. 

(II) The value of L in (3.6b) or (4.6b) could not be fixed by the equation. This means 
that the scale of fuzzy Blon along "z" axial is arbitrary. The fact may be traced to the 
conformal symmetry of the string. Another arbitrary constant c appearing (3.6b) or (4.6b) 
reveals the translation symmetry along the z direction. 

(III) From eq.(4.8) we see that the value N, which specifies the size of the matrices of the 
fuzzy spike in the curved spacetimes, shall be a finite number. This is the general property 
for a fuzzy spike in the curved background, in contrast to that in flat spacetime (see section 
III). This is because that if a fuzzy spike in the curved background has infinite dimension, 
then the value p^ +1 / 2 shall run to infinite and thus the definition of "r" in eq.(4.8) will 
become infinite in general. However, the value of "r" is a variable of metric g^ v and it shall 
be a finite value, thus we conclude that the size of the matrices shall be finite for the fuzzy 
spike in the curved spacetimes. It is easy to see that the some conclusion could also be found 
for the fuzzy wormhole in the curved spacetimes, if it exist. 
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5 Conclusion 



In this paper we use the non-abelian Dirac-Born-Infeld action to find the fuzzy spike solution 
in NS5-branes background. We have simplified the non-abelian Dirac-Born-Infeld action in 
a class of the curved background and presented the detailed calculations to obtain the simple 
form of the Lagrangian. Using the formula, after reviewing the solutions of fuzzy tube and 
fuzzy spike in flat spacetime, which were found in the previous literature, we first present 
a new fuzzy wormhole solution. We next apply the formula to the system in the geometry 
of the NS5-branes background and present a fuzzy Blon of spike profile. Our investigations 
indicates that the size of the matrices is finite for the fuzzy spike in the curved spacetimes. 
We make following comments to conclude this paper. 

(1) Although the final form of the Lagrangian is obtained in this paper, it is difficult to 
find the fuzzy Blon solution in general. For example, we have investigates the system in 
AdSs x S 2 [12] and macroscopic string background [13], however, the consistent fuzzy spike 
or wormhole solution has not yet been found. In fact, even in the NS5-branes background 
it is difficult to find the fuzzy wormhole solution. 

(2) As mentioned in section I, many authors have investigated the dynamics of D-branes 
in the NS5-branes, as the results could be used to show that the radial mode of the BPS D- 
brane in the NS5-branes backgrounds resembles the tachyon rolling dynamics of unstable D- 
brane [8]. The problem of unstable fuzzy Blons in curved spacetimes have not yet discussed. 
It would be interesting to use the solution found in this paper to study the dynamics of fuzzy 
spike in the NS5-branes. The works remain to be studied in the future. 
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